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Abstract : Binary alloys, especially the complex-forming ones, are often found to exhibit 

anomalous behaviour as regards their thermodynamic properties. In this theoretical work 

we have considered three lead-based binary alloys―lithium-lead, sodium-lead and 

potassium-lead―all in molten state near their respective melting points. We have tried to 

calculate their heat of mixing for different concentrations of the alkali metals. All these 

alloys forming strongly interacting systems, we have used Flory’s model. It is a statistical 

mechanical model based on the size factor of the constituent species of a binary liquid 

alloy. Our results explain the observed asymmetry in the heat of mixing of the present 

binary liquid alloys around equi-atomic composition. 

 

Keywords: Binary liquid alloy, Free energy of mixing, Interchange energy, Entropy of 

mixing, Heat of mixing. 

 

1. Introduction 
 

A good understanding of the properties of liquid alloys is really a matter of 

interest because most of the binary solid alloys are formed by cooling from the 

liquid state. On the basis of the variation of properties with concentration the 

alloys can be grouped into three major heads: ideal alloys, regular alloys and 

complex-forming alloys. In the last case the properties of mixing are often found 

to be anomalous deviating considerably from that of the ideal alloys. Some of 

these alloys also show metal non-metal transition across a narrow band of 

concentration. The liquidus lines are usually S-shaped and the heat of mixing and 

free energy of mixing are large negative quantities at one or other concentrations. 

The anomalous behaviour of these liquid alloys is least understood and demands 

extensive theoretical investigation. Since long metal physicists- 
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experimentalists
1–3

 as well as theoreticians
4–7 

- are trying to interpret the physical 

properties of liquid alloys so that their alloying behaviour could adequately be 

comprehended.  

 The alloying behaviour of the liquid alloys can be studied by the help of 

either the electronic theory of mixing or the statistical mechanical theory of 

mixing. According to the first theory, a liquid alloy is assumed to consist of a 

system of ions and electrons. The problem, usually, in this approach is tackled 

through pseudopotential theory
8, 9

 and hard sphere model
10, 11

. These theory and 

model cannot be used to obtain information regarding the concentration 

fluctuations in the long wave-length limit, an important thermodynamic function 

which determines the stability of alloys. On the other hand, the statistical 

mechanical theory of mixing can be successfully used to obtain the analytical 

expressions for various thermodynamic functions. 

 In the present work we tend to explain the deviation from the ideal values of 

the heat of mixing of the lead-based binary alloys of alkali metals e.g. Li-Pb, Na-

Pb and K-Pb alloys―all in liquid phase near their melting point. For this purpose 

Flory's model has been used
12

. For the binary liquid alloys it is a statistical 

mechanical model in which the size factor of the constituent species is taken into 

account. 

 For each alloy we have started with the expression for the free energy of 

mixing (GM) according to this model and found out the value of the interchange 

energy at the concerned temperature by the method of successive numerical 

approximations in the light of the observed values of GM for different 

concentrations of the alkali metal within it. Thereafter the expression for the 

entropy of mixing (SM) is taken into account and the value of the temperature 

derivative of interchange energy has been ascertained from the experimental 

values of SM for different concentrations by successive numerical 

approximations. Finally, the heat of mixing has been calculated from the 

computed values of free energy of mixing and entropy of mixing on using the 

standard thermodynamic relation. 

Working expressions are summarised in the next section. The following 

section deals with the results. A brief conclusion is provided in the last section. 

2. Formulation 

 Flory's expression for the free energy of mixing of a binary mixture 

consisting of Nc mole of species A and N(1– c) mole of species B is given by
 

GM = RT [c ln c + (1– c) ln (l– c) + c ln (1– ) – ln (1– c)] + c ,
c1

c1




            (i) 
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where      = 1 – ,
V

V

B

A                     (ii)  

VA and VB being the atomic volumes of species A and B respectively and  the 

interchange energy. 

 The entropy of mixing is related to the free energy of mixing through the 

standard thermodynamic relation: 

  SM=
T

GM




 .                      (iii) 

 Differentiating equation (i) partially with respect to temperature T, we have from 

equation (iii) 

SM = –R c ln c + (1– c) ln (1– c) + c ln (1– – ln (1– c)] – 
c1

)c1(c





T


 +  

c1

)c1(RTc






















c1

c

RT1 T


,    (iv)  

where  ,
V

V
)(

T B

A
AB 




 

A and being the volume expansivities of pure species A and B respectively. 

 Now, the heat of mixing can be found out by using equations (i) and (iv): 

  HM = GM + TSM.          (v) 

3.   Results and Discussion 

Lithium-Lead Liquid Alloy 

 For the purpose of equation (ii) considering 

  A Li and B Pb, 

we have
13

 

  
B

A

V

V
 = 0.741 

at 932 K. After finding 

   

the value of interchange energy at 932 K. has been determined
 
on using equation 

(i) from the observed data
2
 of GM in the concentration range of lithium from 0.1 

to 0.9 by the method of successive numerical approximations. In the present work 

we have used 
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RT


= –8.7. 

 The observed values of entropy of mixing
2
 at 932 K. in the concentration 

range of lithium from 0.1 to 0.9 have been used to find out the temperature 

derivative of interchange energy in equation (iv) by the successive numerical 

approximations method: 

 
  TR

1




= 2.9. 

 With the set of values of GM and SM so obtained, finally, the heat of mixing 

of the lithium-lead liquid alloys at 932 K. has been computed as a function of 

concentration of lithium by using equation (v). The computed values of the heat 

of mixing are furnished below in Table–1 along with its observed values
2
 in the 

concentration range of lithium from 0.1 to 0.9. 

Table–1: Heat of mixing (Li-Pb liquid alloys at 932 K). 

cLi 

HM/RT 

Theoretical Experimental* 

0.1 –1.0717 –0.6710 

0.2 –1.9574 –1.2450 

0.3 –2.6412 –1.8800 

0.4 –3.1058 –2.5300 

0.5 –3.3314 –3.0500 

0.6 –3.2962 –3.5900 

0.7 –2.9754 –3.6200 

0.8 –2.3410 –3.0500 

0.9 –1.3614 –1.7200 

              *
Saboungi et al, 1978 

 The plot of HM/RT versus cLi is depicted in Figure–1 for both the theoretical 

and experimental values. The computed and observed values of the heat of 

mixing are in reasonable agreement. The graphs show that the heat of mixing of 

the Li-Pb liquid alloys is quite asymmetric about the equi-atomic composition. 

The observed values of HM are slightly smaller than the computed values for 

cLi<0.55 and in the concentration range cLi>0.55 the theoretical values are slightly 
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greater than the experimental ones. The experimental value of the heat of mixing 

is minimum at cLi=0.66 while the computed value of it is minimum at cLi=0.55. 

Thus the asymmetry in the values of GM for Li-Pb liquid alloys is well explained. 

Slight deviation between the computed and experimental values of HM may be 

due to the formation of several complexes
1
 as well as temperature dependence of 

the interchange energy. 

 

Fig.1: Heat of mixing (HM/RT) of Li-Pb liquid alloy at 932 K. for different 

concentrations of lithium. The full curve represents the theoretical values. The dotted 

curve shows the experimental values due to Saboungi et al (1978). 

Sodium-Lead Liquid Alloy 

 Considering 

  A Na and B Pb, 

we get
3
  

  B

A

V

V
 = 1. 3918 

at 700 K. and so 

  –0. 3918. 

On using equation (i) the value of interchange energy is determined from the 

observed data of free energy of mixing
1
 at 700 K. in the concentration range of 

0.2

Li Pb
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sodium from 0.1 to 0.9 by successive numerical approximations method. For this 

alloy we have used 

  RT


= –10. 

 The experimental values
1
 of SM of molten Na-Pb alloys at 700 K. in the 

concentration range of sodium from 0.1 to 0.9 are used to determine the 

temperature derivative of interchange energy by  

the method of successive numerical approximations:  

  
TR

1




= 3.5. 

 The heat of mixing of Na-Pb liquid alloys at 700 K. has been computed as a 

function of concentration of sodium from equation (v) after such calculation of 

the free energy of mixing and entropy of mixing. Our computed values of HM/RT 

are depicted in Table–2 along with its observed values
1
 in the concentration range 

of sodium from 0.1 to 0.9. 

Table 2 : HEAT OF MIXING (Na-Pb liquid alloys at 700 K.) 

cNa 

HM/RT 

Theoretical Experimental* 

0.1 –1.1692 –0.6690 

0.2 –2.0031 –1.3279 

0.3 –2.5368 –1.9316 

0.4 –2.8010 –2.4583 

0.5 –2.8221 –2.7903 

0.6 –2.6233 –2.9354 

0.7 –2.2248 –2.8140 

0.8 –1.6446 –2.3397 

0.9 –0.8983 –1.1598 

              *
Hultgren et al, 1973 

The plot of HM/RT versus cNa at 700 K. is shown in Figure–2 for both the 

theoretical and experimental values. The calculated and observed values of HM 

are fairly in agreement. The graphs show that the heat of mixing for the Na-Pb 
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alloys is not at all symmetric about the equi-atomic composition. HM shows a 

minimum at cNa=0.46 theoretically whereas experimentally the same is at 

cNa=0.61. At cNa=0.51 our computed value and the experimental one have become 

identical. The large negative values of HM/RT about the minima suggest that 

there is a strong interaction between sodium and lead within the alloy. Slight 

difference between the theoretical and experimental values of the heat of mixing 

may be due to the formation of different complexes
1
 as well as the temperature 

dependence of interchange energy.  

 

 

 

Fig. 2: Heat of mixing (HM/RT) of Na-Pb liquid alloy at 700 K. for different 

concentrations of sodium. The full curve represents the theoretical values. The 

dotted curve shows the experimental values due to Hultgren et al (1973). 

Potassium-Lead Liquid Alloy 

 In this case considering 

  A K and B Pb 

we obtain
14

 

  B

A

V

V
 = 2.4833, 

giving rise to 

  –1.4833. 
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By successive numerical approximations the value of interchange energy has 

been determined from the observed data of the free energy of mixing
1
 at 848 K. 

in the concentration range of potassium from 0.1 to 0.9. We have used here 

  RT


= –11.5. 

 The experimental values of entropy of mixing
1
 at 848 K. in the 

concentration range of potassium from 0.1 to 0.9 are used to find out the 

temperature derivative of interchange energy, in equation (iv), by successive 

numerical approximations method:  

  
TR

1




= 8. 

 The computed values of the heat of mixing of K-Pb liquid alloys at 848 

K. from the set of theoretical values of GM and SM are furnished in Table–3 along 

with its observed values
1
. The computed and observed values are in considerable 

agreement. 

Table 3.  Heat of mixing (K-Pb liquid alloys at 848 K.) 

 

cK 

HM/RT 

Theoretical Experimental* 

0.1 –1.5283 –0.7308 

0.2 –2.4062 –1.4278 

0.3 –2.8339 –2.0358 

0.4 –2.9372 –2.4972 

0.5 –2.7991 –2.8010 

0.6 –2.4763 –2.8947 

0.7 –2.0090 –2.5085 

0.8 –1.4269 –1.7777 

0.9 –0.7516 –0.8820 

                 *
Hultgren et al, 1973 

 HM/RT–cK graphs for the theoretical and experimental values are shown in 

Figure–3. From the graphs it is clear that HM is asymmetric about the equi-atomic 

composition. Below this equi-atomic composition our computed values have 
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come slightly smaller than the observed ones. Above cK=0.5 the case is just 

reversed. The theoretical values of HM show a minimum at cK=0.39. 

Experimentally the same is at cK=0.58. Slight difference in between these two 

curves may be due to the formation of several complexes within the alloy
1
 and 

high temperature sensitiveness of the interchange energy. 

 

 

 

Fig. 3: Heat of mixing (HM/RT) of K-Pb liquid alloy at 848 K. for different 

concentrations of potassium. The full curve represents the theoretical values. The dotted 

curve shows the experimental values due to Hultgren et al (1973). 

4.     Conclusion 

        The nature of HM/RT–c curves as found experimentally is corroborated well 

by our computed values of the heat of mixing of the above-mentioned lead-based 

binary liquid alloys for different concentrations of the alkali metals. The anomaly 

in the heat of mixing of lithium-lead liquid alloy is explained to a great extent by 

the present theoretical model. The asymmetry in HM around equi-atomic 

composition in case of sodium-lead liquid alloy is also explained well by this 

Flory’s model. For the molten potassium-lead alloy too the deviation of the heat 

of mixing from that of an ideal alloy is explained reasonably by the said model 

with the application of the method of successive numerical approximations as 

mentioned above. 
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